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1 Abstract 

In this paper a new approach to determine the α-spectrum is presented. The approach is based on the 
use of an interval representation of fluxes, making it possible to compute α-spectrum from an uncertain or 
even partially unknown flux distribution. In addition, as a complement of metabolic flux analysis, a new 
method is proposed that allows the calculation of the ranges of possible values for each non-calculable 
flux. The presented methods are illustrated with the example of CHO cells. 

2 Introduction 

This work is focused on mathematical methods for translating a metabolic flux distribution into an 
elementary modes or extreme pathways activity pattern. These methods determine how much flux is 
being carried by each e. mode or e. pathway under some particular set of circumstances. Hence, the pooly 
informative flux distribution can be translated into a simpler and more meaningful representation. 
Unfortunately, this translation has not a unique solution but a range of solutions. Thus, two options are 
possible: choosing a particular solution (Poolman et al., 2004; Schwarz et al., 2005), or dealing with the 
whole solutions region. When choosing one solution, the validity of the obtained activity pattern depends 
on the validation of the underlying assumptions. Following the second option, the α-spectrum, the range 
of possible values for each e. mode or e. pathway activity, can be determined (Wiback et al. 2003). 

Herein, a new approach that allows determining the α-spectrum when fluxes are represented with an 
interval is presented. This representation is useful when a) flux measurements are uncertain, and b) when 
some non-measured fluxes cannot be uniquely determined (Klamt et al., 2002). In addition, a method to 
flux calculation is presented as a complement of metabolic flux analysis (MFA). In many cases, when 
using MFA, the resulting system is undetermined and the complete flux distribution cannot be computed. 
In these cases, by using a similar procedure to the one used to determine the α-spectrum, it is possible to 
calculate the ranges of possible values for each non-calculable flux. 

3 Theoretical 

A biological network can be represented with a stoichiometric matrix N, where rows correspond to 
the m metabolites and columns to the n reactions. Including irreversible reactions as vi, the mass balance 
of the network at steady state (Stephanopoulos et al., 1998) can be formulated as: 

00 ≥=⋅ ivvN        (1) 

 In general, as n is bigger than m, the system is undetermined. Nevertheless, the solution region can 
be spanned by convex combination with e. modes or e. pathways: 

0≥⋅= im Ev αα        (2)  

Where vm is a flux distribution, E denotes the matrix formed with each e. mode or e. pathway as a 
column and α is a vector representing the non-negative activity for each e. mode or e. pathways. Despite 
differences between e. modes and e. pathways (Papin et al., 2004), the proposed methods can be applied 
in both cases, and therefore from this point only the term e. mode will be used. 

                                                 
∗ Corresponding author 



 2 

3.1 TRANSLATING A FLUX DISTRIBUTION INTO A E. MODES ACTIVITY PATTERN 

System (2) can be analyzed using the procedure proposed in (Klamt et al., 2002). The number of e. 
modes e is always bigger or equal than n-m, the number of linear independent vectors needed to span the 
solution region. Therefore the rank of E is equal to n-m. When e=n-m the system is exactly determined, 
and the unique solution can be calculated by using E-1. But in general e>n-m, and the system is 
undetermined with e-(n-m) degrees of freedom. Then, the general solution of (2) can be considered: 

0)( ≥⋅+= ipG EK αλαα       (3) 

Where αp denotes a particular solution, K(E) the null space of E and λ an arbitrary vector 
representing the indeterminacy of equation. Thus, only such elements αGi of αG whose corresponding row 
in K is a null row, are determined (its value can be taken from the non-negative least squares solution).  

  
3.1.1 α-spectrum: The interval Approach 

In (Wiback et al., 2003) the concept of α-spectrum is defined to work with the solution region. 
Basically, 2*e linear programming problems are solved to compute the range of possible values for each 
e. mode activity. Here, a slight modification of the method makes it possible to compute the α-spectrum 
when the fluxes are represented as an interval: 
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where v+ and v- are vectors with extreme values for each flux. The interval representation implies 
reducing the restrictions of the problem, and therefore the solution ranges will be bigger. Nevertheless, if 
the interval representation is well justified, the obtained solution will be less precise, but more realistic.  
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Figure 1. The α-spectrum. 

 
This method makes it possible to compute the α-spectrum in two common situations: a) when the 

flux distribution is uncertain and b) when it is partially unknown. Additionally, it provides a straight 
method for dealing with inconsistency: Only if the flux region, defined with an interval, contains one 
consistent flux distribution, the linear programming problem has a solution. In figure 2, the different 
representations of fluxes based on certainty, consistency and completeness are summarized. 
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Figure 2. Fluxes as intervals. 
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3.2 METABOLIC FLUX ANALYSIS AND THE FLUX SPECTRUM 

Although intracellular fluxes can be measured in vivo with tracer experiments (Sauer, 2004), there 
are several situations where these techniques are not suitable. In these cases, MFA can be used to 
calculate intracellular fluxes by using a set of measured fluxes and applying mass balances around 
metabolites (Stephanopoulos et al., 1998). Basically, making a partition between measured (subindex m) 
and unknown fluxes (subindex u), equation (1) can be transformed into: 

uuuu vNvN ⋅−=⋅         (5) 

Following (Klamt et al., 2002), the determinacy and the redundancy of (1) can be analyzed. If the 
system is determined, a unique solution can be computed; nevertheless, very often it is necessary to deal 
with underdetermined systems, where some fluxes cannot be uniquely computed (Klamt et al., 2002). 

 
3.2.1 Flux-spectrum 

To deal with these undetermined systems, a new approach is proposed that allows the calculation of 
the ranges of possible values for each non-calculable flux, resulting in a region that could be termed flux-
spectrum. Again, these ranges can be obtained by solving a set of linear programming problems: 
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Thus, when some fluxes cannot be calculated, the flux-spectrum provides a method to compute its 
ranges of values. Obviously, it is also possible to compute the flux-spectrum when the know fluxes are 
represented with an interval (as a previous step the extreme values of -Nm·vm need to be calculated). 

4 Results 

In (Llaneras et al., 2006), the presented methods have been applied to the central metabolism of 
CHO cells (Provost and Bastin, 2004). Including a 6x18 matrix P linking extracellular fluxes with 
intracellular ones, the extended system has 16 metabolites (me) and 22 reactions (ne).  

 

4.1 Α-SPECTRUM AND. PARTIAL KNOWLEDGE 

For example, when only v1 (G), v21 (CO2) and v20 (Q) are measured, the system is undetermined: the 
rank of Nu (16) is less than the number of unknown (18). Therefore the complete flux distribution cannot 
be determined by using MFA. Nevertheless, even when the flux distribution is partially unknown, the α-
spectrum can be computed by using the method presented in 3.1.1 (interval fluxes are given in table 9). 
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Figure 3. α-spectrum computed from the complete flux distribution (●) and from a incomplete one (x). 

Table 1.Partially unknown flux distribution represented as a set of intervals (nM/(d x 109 cells)). 
v1 (G) v2- v19 v20 (Q) v21(CO2) v22 

4.4305 [0,∞*] 1.186 2.5574 0 
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4.2 FLUX-SPECTRUM 

As the system is undetermined, at least one flux cannot be uniquely determined. Moreover, there is 
not any calculable flux (matrix K, the kernel of N, has no null rows). Nevertheless, by using the concept 
of flux-spectrum it is possible to calculate the range of possible values for each non-calculable flux. 
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Figure 4. Exact flux distribution (x) and flux-spectrum computed from an partial flux distribution (●). 

Moreover, if a unique and exact value is needed and depending on the size of the ranges, the use of 
each range middle point as an estimation is a sensible approach.  

5 Conclusion 

The translation of a metabolic flux distribution into an e. modes or e. pathways activity pattern has 
been investigated. A new approach to determine the α-spectrum was presented. Additionally, a method to 
calculate the ranges of possible values for non-calculable fluxes was proposed, as a complement to MFA. 
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